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Abstract. We present efficient parallel algorithms for multiple-precision
arithmetic operations of more than several million decimal digits on
distributed-memory parallel computers. A parallel implementation of
floating-point real FFT-based multiplication is used because a key op-
eration in fast multiple-precision arithmetic is multiplication. We also
parallelized an operation of releasing propagated carries and borrows in
multiple-precision addition, subtraction and multiplication. More than
1.6 trillion decimal digits of m were computed on 256 nodes of Appro
Xtreme-X3 (648 nodes, 147.2 GFlops/node, 95.4 TFlops peak perfor-
mance) with a computing elapsed time of 137 hours 42 minutes which
includes the time for verification.

1 Introduction

Several software packages are available for multiple-precision computation [1-4].
At present, GNU MP [3] is probably the most widely used package due to its
greater functionality and efficiency. Using GMP 4.2 with sufficient memory, it
should be possible to compute up to 41 billion digits [3]. However, parallel pro-
cessing by a distributed-memory parallel computer is indispensable to calculate
the further number of digits in realistic time.

Parallel implementation of Karatsuba’s multiplication algorithm [5,6] on a
distributed-memory parallel computer was proposed [7]. Karatsuba’s algorithm
is known as the O(n!°23) multiplication algorithm.

However, multiple-precision multiplication of n-digit numbers can be per-
formed in O(nlognloglogn) operations by using the Schonhage-Strassen algo-
rithm [8], which is based on the fast Fourier transform (FFT).

In multiple-precision multiplication of several thousand decimal digits or
more, FFT-based multiplication is the fastest method. FFT-based multiplica-
tion algorithms are known to be good candidates for parallel implementation.

The Fermat number transform (FNT) for large integer multiplication was
performed on the Connection Machine CM-2 [9]. FNT uses many modulo op-
erations, which are slow due to the integer division process. Thus, we used
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SUBROUTINE SEQADD(IA,IB,IRADIX,N)

INTEGER IA(N),IB(N)

ICARRY=0

DO I=N,2,-1
ITEMP=IA(I)+IB(I)+ICARRY
ICARRY=ITEMP/IRADIX
IA(I)=ITEMP-ICARRY*IRADIX

END DO

TA(1)=IA(1)+IB(1)+ICARRY

RETURN

11 END
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Fig. 1. Multiple-precision sequential addition

floating-point real FFT-based multiplication for multiple-precision multiplica-
tion on distributed-memory parallel computers.

Parallel computation of v/2 up to 1 million decimal digits was performed on
a network of workstations [10]. However, multiple-precision parallel division was
not presented in this paper, and a parallel version of Karatsuba’s multiplication
algorithm was used.

Section 2 describes the parallelization of multiple-precision addition, sub-
traction and multiplication. Section 3 describes the parallelization of multiple-
precision division and square root operations. Section 4 presents the experimen-
tal results. Section 5 describes the calculation of 7 to 1,649, 267, 440, 000 decimal
digits on a distributed-memory parallel computer. We provide some concluding
remarks in section 6.

2 Parallelization of Multiple-Precision Addition,
Subtraction, and Multiplication

2.1 Parallelization of Multiple-Precision Addition, Subtraction, and
Multiplication by Single-Precision Integer

The arithmetic operation counts for n-digit multiple-precision sequential addi-
tions, subtractions, and multiplications by a single-precision integers is clearly
O(n). However, releasing the carries and borrows in these operations is a major
factor potentially obstructing parallelization.

For example, a FORTRAN 77 program of multiple-precision sequential ad-
dition is shown in Figure 1. Here, ICARRY is a variable to store carry, ITEMP is
a temporary variable and IRADIX is a radix of multiple-precision numbers. We
assume that the input data has been normalized as 0 ~ IRADIX-1, and is stored
in arrays IA and IB.

In this program, the value of ICARRY recurrently decides the value of ITEMP
at line 5, then the program can not be parallelized because of data dependency.
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SUBROUTINE PARAADD(IA,IB,IC,IRADIX,N)

INTEGER,DIMENSION(N) :: IA,IB,IC

TAC1:N)=IA(1:N)+IB(1:N)

DO WHILE (ANY(IA(2:N) .GE. IRADIX))
IC(N)=0
IC(1:N-1)=IA(2:N)/IRADIX
TA(2:N)=IA(2:N)+IC(2:N)-IC(1:N-1)*IRADIX
TA(1)=IA(1)+IC(1)

END DO

RETURN

END
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Fig. 2. Multiple-precision parallel addition

The algorithm shown in Figure 2 is one that enables us to parallelize the
releasing of the carries and borrows. We assume that the input data has been
normalized to 0 ~ TRADIX-1, and stored in arrays IA and IB.

We perform multiple-precision addition without the propagation of carries
at line 3. Results are checked with (IA(2:N) > IRADIX) at line 4. If the value of
each element of the array IA(2:N) is greater than or equal to IRADIX, we have
to compute the carries in line 6 and release the carries in lines 7 and 8. Here, IC
is a working array to store carries.

At the time of releasing carries, the propagation of the carries is not relevant.
Since the carries are not completely corrected, the DO WHILE loop is repeated
until each element in the array IA(2:N) is less than IRADIX.

We assume that the input data has been normalized to 0 ~ IRADIX-1, and
stored in arrays IA and IB. In the case of IRADIX = 102, the probability of having
two consecutive carries is 0.5 x (1/108)% =5 x 10717, Thus, this algorithm per-
forms the propagation operations successfully. When the propagation of carries
repeats, as in the case of 0.99999999 - - -9 + 0.00000000 - - - 1, we have to use the
carry skip method [11].

A Fortran 90 program of multiple-precision parallel normalization with the
carry skip method is shown in Figure 3. We assume that the input data has
been normalized to 0 ~ IRADIX-1, and stored in array IX. We perform incomplete
normalization as 0 ~ IRADIX in lines 3 ~ 8. Note that the DO WHILE loop in line
3 is repeated twice, at most. The range for carry skipping is decided from line
10 to line 17. Finally, we perform carry skipping from line 18 to line 20. Array
IC is the working array to store carries.

The same methods can be applied to multiple-precision parallel subtraction
and multiplication by a single-precision integer.

2.2 Parallelization of Multiple-Precision Multiplication

In this paper, we use multiple-precision multiplication based on the floating-point
real FFT.
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1 SUBROUTINE SKIPNORM(IX,IC,IRADIX,N)
2 INTEGER,DIMENSION(N) :: IX,IC

3 DO WHILE (ANY(IX(2:N) .GT. IRADIX))
4 IC(N)=0

5 IC(1:N-1)=IX(2:N)/IRADIX

6 IX(2:N)=IX(2:N)+IC(2:N)-IC(1:N-1)*IRADIX
7 IX(1)=IX(1)+IC(1)

8 END DO

9 DO WHILE (ANY(IX(2:N) .EQ. IRADIX))
10 IE=1

11 DO I=2,N

12 IF (IX(I) .EQ. IRADIX) IE=I

13 END DO

14 Is=1

15 DO I=2,IE-1

16 IF (IX(I) .LT. IRADIX-1) IS=I
17 END DO

18 IX(IS)=IX(IS)+1

19 IX(IS+1:IE-1)=IX(IS+1:IE-1)-(IRADIX-1)
20 IX(IE)=IX(IE)-IRADIX
21 END DO
22 RETURN
23 END

Fig. 3. Parallel normalization with the carry skip method

For floating-point real FFT-based multiplication, we can use the “balanced
representation” [12], which tends to yield reduced errors for the convolutions we
intended to perform. In this technique, an n-digit multiplicand = = E?;Ol x; Bt
with radix B is represented as follows:

B
o= e BB B el < | 1)

A key operation in FFT-based multiple-precision parallel multiplication is
the FFT and normalization, on which a significant proportion of the total com-
putation time is spent.

We can use an efficient parallel FFT algorithm in the FFT-based multiple-
precision parallel multiplication.

The normalization of results in FFT-based multiple-precision parallel multi-
plication is essentially the same as the parallel processing of carries in multiple-
precision addition, subtraction, and multiplication by a single-precision integer.
Thus, the normalization can also be parallelized.
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3 Parallelization of Multiple-Precision Division and
Square Root Operations

The computation time of multiple-precision division and square root operations
is considerably longer than that of addition, subtraction, or multiplication. There
are a number of methods to perform division and square root operations [13, 6]. It
is well known that multiple-precision division and square root operations can be
reduced to multiple-precision addition, subtraction, and multiplication by using
Newton iteration [6]. This scheme requires O(M (n)) operations, where M (n) is
the number of operations for an n-digit multiplication.

3.1 Newton Iteration

In division, the quotient of @ and b is computed as follows. First, the following
Newton iteration is employed, which converges to 1/b:

Tp1 = Tk + (1 — bxy), (2)

where the multiplication between x and (1 — bxy) can be performed with only
half of the normal level of precision [2].
Then the final iteration is performed as follows [13]:

a/b= (axy) + zr(a — blaxy)), (3)

where the multiplication between a and xj, and the multiplication between xj
and (a — b(azy)) can be performed with only half of the final level of precision.
Square roots are computed by the following Newton iteration, which con-

verges to 1/+/a:
T
Th+1 = T + 7}9(1 — axg), (4)

where the multiplication between zj and (1 — az})/2 can be performed with
only half of the normal level of precision.
Then the final iteration is performed as follows [13]:

Va~ (aae) + 5 (a = (ai)?), (5)

where the multiplication between a and xj, and the multiplication between xj
and (a— (azy)?)/2 can be performed with only half of the final level of precision.
These iterations are performed by doubling the precision for each iteration.

3.2 Parallelization

To compute the n-digit multiple-precision arithmetic by Newton iteration of
equations (2) ~ (5), it is necessary to perform multiple-precision parallel addi-
tion, subtraction and multiplication on parallel computers which have P proces-
sors. In these operations, we can apply the parallel algorithms given in section
2.
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Fig. 4. Execution time of multiple-precision parallel addition (7 + \/ﬁ), n = number
of decimal digits

Here, we discuss the distribution method of the data to each processor. Let
us consider an n-digit number x with radix-B.

n—1
T = inBi, (6)
i=0

where 0 < x; < B.

In the case of block distribution, n-digit multiple-precision numbers are dis-
tributed across all P processors. We denote the corresponding index at processor
m(0<m< P—1)asi(m=[i/[n/P]]) in equation (6). In the case of cyclic
distribution, n-digit multiple-precision numbers are also distributed across all P
processors. We denote the corresponding index at processor m (0 < m < P —1)
as ¢ (m =i mod P) in equation (6).

Since the number of calculated digits can be doubled by the Newton itera-
tion for the division and square root operations, the computation area changes
gradually. In the block distribution, because of load imbalancing, the parallel
computation time for the operations of the multiple-precision parallel division
and square root operations is O((M (n)/P)log P) [14]. Note that M (n) is the
number of operations of multiplying two n-digit numbers.

On the other hand, in the cyclic distribution, the parallel computation time
for operations of the multiple-precision parallel division and square root opera-
tions is O(M(n)/P) [14].

Thus, the parallel computation time of the cyclic distribution is less than
that of the block distribution. Therefore, we use the cyclic distribution for the
multiple-precision parallel arithmetic.
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Fig. 5. Execution time of multiple-precision parallel multiplication (7w X \/ﬁ), n =
number of decimal digits

4 Experimental Results

In order to evaluate our multiple-precision parallel arithmetic algorithms, the
decimal digit » and the number of processors P were varied. We averaged the
elapsed times obtained from 10 executions of the multiple-precision parallel ad-
dition (7 ++/2), multiplication (7 x v/2), division (v/2/7) and square root (/7).
We note that the respective values of n-digit 7 and /2 were prepared in ad-
vance. The selection of these values has no particular significance here, but was
convenient to establish definite test cases, the results of which were used as
randomized test data.

An Appro Xtreme-X3 (648 nodes, 32 GB per node, 147.2 GFlops per node,
20 TB total main memory size, communication bandwidth 8 GB/sec per node,
and 95.4 TFlops peak performance) was used as the distributed-memory parallel
computer.

Each computation node of the Xtreme-X3 is equipped with 4-socket of quad-
core AMD Opteron (2.3 GHz) in 16-core shared-memory configuration with 147.2
GFlops of performance.

In the experiment, we used 1 processor (4 cores)~ 1,024 processors (4,096
cores). The original program was written in FORTRAN 77 with MPI and OpenMP.
Open MPT 1.3 [15] was used as a communication library.

The radix of the multiple-precision number is 108. The multiple-precision
number is stored in the array of 32-bit integers. Each input data word is split
into two words upon entry to FFT-based multiplication.

Figure 4 shows the averaged execution times of multiple-precision parallel
addition (7 + /2). For n = 2?* and P > 256, we can clearly see that commu-
nication overhead dominates the execution time. This is due to the arithmetic
operation count for n-digit multiple-precision parallel addition is only O(n/P).
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Fig. 6. Execution time of multiple-precision parallel division (v/2/7), n = number of
decimal digits

Figure 5 shows the averaged execution times of multiple-precision parallel
multiplication (7 x \/5) We can see that our multiple-precision parallel multi-
plication is scalable for n > 23° on 1,024 processors from Figure 5.

Figures 6 and 7 show the averaged execution times of multiple-precision
parallel division (v/2/7) and square root operations (/7). For n = 224 and P >
64, we can clearly see that communication overhead dominates the execution
time. This is because that the division and square root operations include small
digit additions and multiplications.

5 1,649,267,440,000 Decimal Digits of m Calculation

The computation of 7 to a high precision has a long history and many compu-
tations have been performed [16]. The development of new programs suited to
the calculation of m and high speed computers with a large memory have thrown
more light on this fascinating number. In 2002, Kanada et al. computed 7 to
over 1.24 trillion decimal digits by using arctangent formulae [17].

We have computed 7 to more than 1.64 trillion decimal digits by using
the formula of the improved Gauss-Legendre algorithm and verified the results
through improved Borweins’ quartically convergent algorithm for 7 on the Appro
Xtreme-X3 supercomputer at the Center for Computational Sciences, University
of Tsukuba.

5.1 Algorithms for =

The Gauss-Legendre Algorithm: Main Algorithm
The theoretical basis of the Gauss-Legendre algorithm for 7 is explained in the
references [18-20].
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Fig. 7. Execution time of multiple-precision parallel square root (1/7), n = number of
decimal digits

We employed the following improved Gauss-Legendre algorithm for 7 [21]:
A:=1 B:=1/2; T :=1/2; X =2
while A— B > 107" do begin
W :=AxB; A:= (A+ B)/2;
B := VW; A:= (A+B)/2
T:=T—-Xx(A-B); X =2xX
end;
return (A+ B)/T.

Here, A, B, T and W are full-precision variables and X is a double-precision
variable.
In each iteration, multiple-precision multiplication of once can be reduced by
improving the original Gauss-Legendre algorithm.

Borweins’ Quartically Convergent Algorithm: Verification Algorithm
Borweins’ quartically convergent algorithm [20] is explained as following scheme.
Let ag =6 — 4+/2 and Yo = V2 — 1. Tterate the following calculations:

T
— 7
Yk+1 1 T (1 — yé)l/éla ( )

4 _ 92k+3

apr1 = ap(l 4+ yrr1) Y1 (1 + Yrr1 + Yigr)- (8)

Then ay, converges quartically to 1/m. Here, precisions for ap and y; must be
more than the desired digits.

We employed the following improved Borweins’ quartically convergent algo-
rithm for 7:

A=6-4V2 Y = 17— 12V2; X = 2
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while Y > 107"/ do begin
2

T+(1_y) /4
W := (1+2%Y +B)* Y := B
A=AxW-—X%(W-=(1+2+«B+Y));
X = 4xX
end;

if Y <107"/? then begin
W :=14Y/2; A:=AxW —Xx(Y/8)
end

else if Y < 107"/% then begin
B:=Y?% W :=1+4Y/2+11%B/32;
A= AxW — X % (Y/8+5« B/64)

end

Y =1-— B :=Y?%

else begin
B = Y2;
W= 1+Y/2+11% B/32+ 17+ B« Y/64;
A:=AxW—-X=x*(Y/8+5xB/64+ 15 B *Y/256)
end;

return 1/A.

Here, A, B, W and Y are full-precision variables and X is a double-precision
variable.

In each iteration, the four multiple-precision multiplications and three square
operations can be reduced by improving the original Borweins’ quartically con-
vergent algorithm.

5.2 Layout of Storage

A multiple-precision number is stored with cyclic distribution in the array of
32-bit integers. The radix selected for the multiple-precision numbers is 108.
Each input data word is split into two words upon entry to the FFT-based
multiplication. To perform FFT-based multiplication of 3 x 23 a 1.649 trillion
decimal digit numbers, at least 20736 GB of main memory should be available.
It was impossible to obtain 1.649 trillion decimal digits through in-core (on main
memory) operations because of the 7168 GB main memory limit on 256 nodes
of Appro Xtreme-X3 supercomputer.

Thus, we performed 3 x 23% point real FFT for 3 x 236 2 206 billion decimal
digit multiplications on main memory. Then, we used Karatsuba’s multiplication
algorithm for 3x 23 a2 1.649 trillion decimal digit multiplications. These schemes
needed approximately 6732 GB and 6348 GB of main memory for working stor-
age for the Gauss-Legendre and Borweins’ quartically convergent algorithms,
respectively.
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5.3 Results of 7w 1,649, 267,440,000 Decimal Digit Calculation

The calculations of m by Gauss-Legendre algorithm and Borweins’ quartically
convergent algorithm were performed on 256 nodes of Appro Xtreme-X3 super-
computer.

All routines were written in FORTRAN 77 with MPI and OpenMP. Main
program and verification program were run on 1,024 MPI processes, i.e. each
node has 4 MPI processes. Due to the time limit of a job, two programs were
performed in 10 steps, respectively.

Main program run:

Job start : 2nd January 2009 21:17:26 (JST)

Job end : 5th January 2009 23:56:23 (JST)

Total elapsed time : 64 hours 14 minutes

Main memory : 6732 GB

Algorithm : Gauss-Legendre algorithm
Verification program run:

Job start : 6th January 2009 01:36:45 (JST)

Job end : 26th January 2009 08:45:58 (JST)

Total elapsed time : 73 hours 28 minutes

Main memory : 6348 GB

Algorithm : Borweins’ quartically convergent algorithm

The decimal numbers of 7 and 1/7 from 1,649, 267,439, 951-st to
1,649, 267,440, 000-th digits are:

m: 7712856414 0105560548 9805732574 3212539317 0912654849
1/7 : 7726694296 8436590719 4549360485 5555663940 4302590248.

The main computation took 40 iterations of the improved Gauss-Legendre
algorithm for , to yield 3 x 239 = 1,649, 267, 441, 664 digits of 7. This computa-
tion was checked with 20 iterations of improved Borweins’ quartically convergent
algorithm for 1/7, followed by a reciprocal operation.

A comparison of these output results gave no discrepancies except for the
last 139 digits due to the normal truncation errors.

6 Conclusion

We presented efficient parallel algorithms for multiple-precision arithmetic oper-
ations of more than several million decimal digits on distributed-memory parallel
computers. We also parallelized an operation of releasing propagated carries and
borrows in multiple-precision addition, subtraction and multiplication.

We proposed a parallelization of releasing these propagation operations by
using the carry skip method. Similarly to multiple-precision addition and sub-
traction, a part of normalization of results in the multiple-precision multipli-
cation can be parallelized. It is concluded that the carry skip method is quite
efficient for parallelizing normalization of multiple-precision addition, subtrac-
tion and multiplication.
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The presented multiple-precision parallel arithmetic algorithms make it pos-
sible to compute more than 1.6 trillion decimal digits of 7 computed on 256
nodes of Appro Xtreme-X3 (648 nodes, 147.2 GFlops/node, 95.4 TFlops peak

performance).
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