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APPENDIX

REFERENCE DATA
AND TABLES

A.I GLOSSARY OF NOTATION

The following symbols have been used throughout the book and are
collected here for ease of reference. Whenever possible, standard usage has
been adhered to.

(1) Bn. The nth Bernoulli number, defined in terms of the coefficients of
the power series expansion of

00

eZ~1 =I-iz+ L(_l)n-lBnz2nj(2n)!I

(2) Bn(z). The nth Bernoulli polynomial, defined as the coefficient of
tn j n! in the power series expansion of teZlj( eZ - I)

(3) Cln(O). The generalized Clausen function. If n is even,

Cln(O)= ~ sin;0; if n is odd, Cln(O)= ~ cos;O
I r I r

f
x logn- IIxl (cos a+ x) dx

(4) Dn(x,a)= . 2' Kummer's function related to
0 I + 2x cosa + x

ReAn(xeia)

f Xlogn-llxl sinadx
(5) EnCx,a) = 2' Kummer's function related to" 0 I + 2x cosa + x

1m An(xeia) ,

(6) En' the nth Euler number, defined in terms of the coefficients of the
00

power series expansion of secz= 1+ L Erz2rj(2r)!
I

(7) G. Catalan's constant = ~ - ~ + ~ -..., 12 32 52
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(8) G1n(lJ).The associated Clausen function. If n is even,

G1iO)= ~ cos:O; if n is odd, G1n(0)= ~sin:O
Ir 1 r

(9) y. Euler's constant, = !~~ [(1+ !+ . . . + ~ )-log n)
(10)i= v=T
(11) Im=imaginary part of

(12) L(x). Newman's function,

uses of L also occur.)
n . X X2 X3

(13) £ (1+x ) Spence'sfunction = - - - + - = -Li ( -x )
. ' In 2n 3n n

(14) log(x). The Napierian logarithm (only logarithms to base e are used)

(15) logn(x):=[log(x))".

(16) Lin(x). The polylogarithm of order n,
x X2 . X3 f

x

=-+-+-+... = Li (x)dxjx
In 2n 3n 0 n-I

(17) Lin(r,O)=ReLiireilJ)

(18) LsiO). The log-sine integral of order n, = - flilogn-112sin!0IdO0

(19) Ls3(0, a). The extended log-sine integral of the third order of argu-
ment 0 and parameter a, = - fn logl2sin! 0 Ilog 12sin(i 0+ 4 a)1dO0

(20) Ls~m)(0). The generalizedlog-sine integral, of order n and index m,

= - fn omlogn-m-I\2sin 101dO0

fXIOgn-llxl
(21) Aix). Kummer's function, = 1 dx0 +x

(22) [x] =the integral part of x
(23) '¥(x). The logarithmic derivative of the Gamma-function,

=f'(x)/f(x) .

(24) Re =real part of
(25) sgn(y):= +if y is positive, -if y is negative .

3 5

(26) Tin(y). The inverse tangent integral of order n, = in- ~n + ~n - . . .

= fY Tin-l(y)4Y/y; Ti2(y)= fY tan-l(y)4Y/y0 0

(27) Ti2(y, a). The generalized inverse tangent integral of order 2,

f
y tan-ly= -4Y

0 y+a . .

(28) Tin(y, a). The generalized inverse tangent integral of order n,

= f
Y

[
Tin-l(y) + Tin-I(y, a) Tin-I(y, a) )4Y

0 y+a Y y+a.

=f X _log(x) dx= -Li2(I-x) (Ad hoc
1 I-x .
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(29) Xn(x). Legendre's chi-function of order n, = ~ + ~n + ~n + . . .
00

(30) r(s). Riemann's zeta-function, = 2: n-S
1 00

(31) r(s, a). The generalized Riemann zeta-function, = 2: (n+a)-S
0

A.2. LIST OF SELECTED FORMULAS

The following list of formulas is selected from the results given earlier in
the book, or from the literature in the case of a few equations whose
derivation is so close to that of those already given that further analysis
should be unnecessary. In order to keep the list reasonably short, refer-
ences are made when appropriate to the relevant sections for further
equations similar to those quoted. In general the results are given ap-
proximately in the order in which they occur, chapter by chapter.

A.2.t. The Dilogarithm

j XIog(I-Z) x x2 X3
(I) Li2(x)=- dz=-+-+-+...when Ixl~ 1

0 z 12 22 32

(2) Li2(1)=?T2j6 .
(3) Li2(-1)=-'lT2j12

(4) Liii)=?T2jI2-11og2(2)

Further numerical relations are given in Section 1.4.

(5) Lii -x)+ Lii -Ijx)= -'lT2/6-!log2(x), x>O
(6) Li2(x)+Liiljx)=?T2j3- .kJog2(x)-i'ITlogx, x> I
(7) Li2(x)+ Lii1-x)='lT2/6-1ogxlog(l-x)

(8) Li2(X)+Li2( - 1~x)=-1Iog2(I-x), x<l

(9) Liix)+ Li2(x~ I) = 1'IT2-11og2(x-I)+ i'ITIog(x~ I ),

(10) Li2( -x)- Li;;!(1-x)+ 1Li2(1/x2)=10gXlog(x: I ),

(11) Li2(1-X)-Liil/X)=tIOgXIOg
[

x 2
]

-'lT2/6,
(x-I)

(12) Li2 (I ~x) - Li2(-x)='lT2j6-110g(1 +X)IOg(I:2X),
(13) Li2(x)+Li2( -x)= 1 Liix2)

(14) Li2( l:x)+Li2( 1-=-:)=1Li2( 1--:2 )-~log2( :~~),
-1<x<1

x>1

x>l

x>1

x>o
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(15) Lii2x-X2)+ 2Li2 (2~X)-2Liix)='lT2 /6-log2(2- x),
x<l

Further relations of this nature are g:,,;; in Section 1.5.

(16) Li2( l~x' l~y)=Li2( l~y)+Li2( l~x)-Li2(x)-Li2(Y)

-log(l- x )log(l- y) (Abel)

(17) Li2(xy)=Li2(x)+Li2(y)- Li2 [ xi~-~) ] - Li2 [Yi~-~) ]

-lOg( ll~~ )log( t:::) (Hill)

(18) Li, [:i~ =;~ ] ~Li,(x)- Li,(y)+Li,(y jx)+ Li, (: :::;) - ~6'

(
I-X

)+ log X log 1 - y (Schaeffer)

(19) Li2
[

X(I-yi

]
=Li2

[

-X(I-y)
]

+Li2
[

- (l-y)

]
y(l-x)2 I-x y(l-x)

[

x(l-y)

]
(

l-Y )+Li2 y (I-x) +Li2 I-x +41og2(y) (Kummer)

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li2(x)+2LiiY)+ 2Li2(z)=Li2( -xy /z)+ Li2( -yz/ x)+

Lii '-zx/y), where l/x+ l/y+ l/z= 1 (Newman)
(21) 2Liixy)+2Li2(yz)+2Li2(zx)= Lii _X2)+ Lii _y2)+ Li2( _Z2),

where x+y+z-xyz=O
N N

(22) Li2(y)='lT2/6+ L L[Li2(xrnAn)-Li2(Am/An)]' where the xm are
t t

N

the roots of the equation II(1-Anx)= l-y
. t

~" 1J
x

(
1+ x

)
dx I' I'

(23) xix)="2 0 log I-x -;- ="2Ltix)-"2 Lt2( -x)

x X3 X5
=-+-+-+"',Ixl~ 1

t2 32 52 -

(
I-X

) (
I+X

)(24) X2(X)+X2 l+x = 'IT2/8 + 4log I-x log x

(25) Xil)='lT2/8

"' ...,,,,. vr ~r.Lr.'--lr.J..J rVKMULA:> .tIS:>

Other numerical relations for xix) are given in Section 1.8.

(26) X2( e -2i9) + X2(itanO)='lT2/8 + iOlog(itanO)
2 B 3 B 5

. -z 2 Z IZ 2z

(27) Lt2(e )='IT /6+(zlogz-z)- 4 + 2.3.2! - 4.5.4! +...,
Izl<2'IT

A.2.2. The Inverse Tangent Integral of Second Order

Jy tan-Iy y y3 y5
(1) Ti (y)= 4Y=---+ when Iyl~ 1. 2 0 Y e 32 52

(2) Tiil)=G=O.9159655942

(3) Tiitan 'IT/12) = Tii2 - y3) = 2G/3 + ('IT/12)logtan( 'IT/12)

Other results of a similar nature will be found in Sections 2.5 and 2.6.

(4) TiiY)-Tiil/y)=sgn(y)~ loglyl, y real

(5) Ti (.! 2) +.!Ti
[

y(2+y)

]

-.!Ti
[

y(2-y)

]

+Ti (-.-L- )22Y 2 2 2(I+y) 2 2 2(I-y) 2 2+y

-Ti2 (2~Y) +Tiil-y)+Ti2 (1~y )=2G+ ~ log( ~~; ).

-1 <y < 1 (Spence)

An. extension of the range in y is given in Section 2.3.

(6) 2Tii!)+Tiii)+ 4Ti2G)=3G- 4 'ITlog2

(7) i Ti2(tan30)=TiitanO)+Ti2 [tan( ~ -0)] -Ti2 [tan( ~ +0) J
'IT

1
{

tan[('IT/6)+OJ

}
/6 0 /6+ - og - 'IT < < 'IT

6 tan [( 'IT/ 6)- 0J ' .'

(8)' 2n~ 1 Ti2[tan(2n+ I 0)] = TiitanO)

n .

[ (

2r-l'IT

)]

n .

[ (

2r-l'IT

)]- L T12 tan ( +0 + L T12 tan ( -()t 22n+l) t 22n+l)

[

2r-l'IT

0]
tan +

t'IT In. 2(2n + I) !'IT t'IT

+2n+l~(2r-I)log

[

2r-l'IT

]

'-2n+I<0<2n+l
tan - 0

2(2n+l)
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(15) Li2(2X-X2)+2Li2( 2~X )-2LiiX)='TT2/6-10g2(2-X),
x<l

Further relations of this nature are g"" in Section 1.5.

(16) Li2( l~x' l~y)=Li2( l~y)+Li2( l~x)-Liix)-Li2(Y)

-log(l- x) log(l- y) (Abel)

(17) Li2(xy)=Li2(x)+Liiy)-Li2 [xi~~) ] -Li2 [yil:;) ]

(
I-X

) (
l-Y )-log - log -l-xy 1-.ry

(18)Li, [~g =;~ ]~Li,(x)- Li,(y)+ Li,(y / x)+Li, (:=;) - W6'

(
I-X

)+ log X log 1- y

(Hill)

(Schaeffer)

(19) Li2
[

x(1-yi

]

=Li2
[

- X(1-y)
]

+Li2
[

- (l-y)
]

y(l-xi I-x y(1-x)

.

[

X (1-y)

)

.
(I-Y ) 12

+L12 y (1-x) +L12 I-x +zlog (y)
(Kummer)

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li2(x)+ 2LiiY)+ 2Li2(z)=Li2( -.ry /z)+ Lii -yz/x)+

Li2( -zxly), where l/x+ l/y+ l/z= 1 (Newman)

(21) 2Li2(xy)+2Li2(yz)+2Liizx)=Lii _X2)+ Li2( _y2)+ Li2( _Z2),
where x+y+z-xyz=O

N N

(22) Li2(Y)='TT2/6+ L L [Liixm;\n)-Li2(;\m/;\n)]' where the xm are
I I

N

the roots of the equation II(1-;\nx)= l-y
I

"' I f
X

l (
l+x

)
dX I' I'

(23) X2(x)=Z 0 og I-x ~=zL12(X)-zLli-x)

X X3 X5
=-+-+-+... Ixl~ 1

t2 32 52 ,-

(
I-X

)
I (

l+X
)(24) XiX)+X2 l+x ='TT2/8+zlog I-x logx

(25) Xil)='TT2/8
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Other numerical relations for X2(x) are given in Section 1.8.

(26) X2( e -2;9)+ X2(itanO) ='TT2/8 + iOlog(itanO)
2 B 3 B 5

. -z 2 Z IZ 2z
(27) Llie )='TT/6+(zlogz-z)- 4 + 2.3.2! - 4.5.4! +...,

Izl<2'TT

A.2.2. Tbe Inverse Tangent Integral of Second Order

f
y tan-Iy y y3 y5

(1) Ti2(Y)= 4Y=---+--"'whenlyl~ 1. 0 y t2 32 52

(2) Tiil)=G=0.9159655942
(3) Ti2(tan 'TT112) =Ti2(2- y3)=2G /3 + ('TT112)logtan( 'TT112)

Other results of a similar nature will be found in Sections 2.5 and 2.6.

(4) Tiiy)-Tiil/y)=sgn(y)"iloglyl, y real

(5) Ti .(
.! 2) +.!Ti

[

y(2+y)

)
-.!Ti

[

y(2-y)

)
+Ti (-L.- )2 2Y 2 2 2(1+y) 2 2 2(1-y) 2 2+y

-Ti2 (2~Y) +Tiil-y)+Ti2 (1~y )=2G+ ~ log( ~ ~~ ),
-1 <y < 1 (Spence)

An extension of the range in y is given in Section 2.3.

(6) 2Ti2(i)+Tii~)+ i Ti2G)=3G- i 'TTlog2

(7) ~ Ti2(tan30)=Ti2(tanO)+ Ti2 [ tan( ~ - 0)] - Ti2 [tan( ~ + 0)]
'TT

..

1
{

tan[('TT/6) +0]

}
/6 0/6+ - og , - 'TT < < 'TT

~ tan[('TT/6)-0]

(8) 2n~ 1 Ti2[tan(2n+ 10)]=TiitanO)
n

[ (

2r-1'TT

) ]

n .

[ (

2r-1'TT

) ]- L Ti2 tan ) +0 + L T12 tan ( ) -(JI 2(2n+l I 22n+l

[

2r-l'TT

]

.
I tan +0 I 1
'i'TT : n 2(2n+ 1) 'i'TT 'i'TT

-1".-
2 1 L(2r-l)log

[

-

]

' -- 2 1
<0< -2 1n+ I 2r-l'TT n+ n+

tan -0
2(2n+l)
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(9) Ti2
[

4y(l+y)(2+y)

]
+Ti2

[

4y(l-y)(2-y)

](2_y2)(2+4y+y2) (2-y2)(2-4y+y2)

+2Ti
(

2+4y+y2
)

-2Ti
(

2-4y+y2

)
+4Ti (-L- )

2 2-y2 2 2-y2 2 2+y

+4 Ti2(2~y ) -4Ti2(1 +y)+4Ti2(I-y)- 8Ti2(2=:2 )

= -i'ITlog
(

2+4y +< )
+'lTlog(l

l-y ), -(2- y'2) <y «2- y'2)
2-4y+y +y

(10) Ti2
[

4y(l+y)(2+y)

]
+2Ti2

(
2+4y+y2

)
+4Ti2 (-L- )

(2_y2)(2+4y+y2) 2-y2 2+y

-4Ti2(1 +y)-4Ti2 (
~

)
+2Ti2

(
2-y2

)
+Ti2

(
4y2

)2-y2 2+y2 4-y4

[

2+4y+y2

]
=-i'ITlog , -2+y'2<y<y'2

(2+y2)(1 +y)2

An extension of the range in y is given in Section 2.7.

(11) Ti2(7 /24)+ 2Ti2(1/7) +6TiiI/3)- 8TiiI/2)+Tii3/4)

+ -i'ITlog(3 /2)= 0

(I2)2Ti2
(

2y'2Y
)

=Ti2
[

a2+y

]
-Ti2

[

a2-y

]
+Ti2

[

~(I-Y)

)I-y2 a(I-y) a(I+y) I+a2y

- T
'

[

a(I+Y)

]

I T
'

(
2ya

)
I T

'

(
2y

.

a

)12 + 2 12 + 2 12
I-a2y . I-y2a2 a2 _y2

1 '

[

4ya(I-a2y2)

]

1 .

[

4ya(a2-y2)

]+~n2 . +~n2
(I-y2)(I-a4y2) (I-y2)(a4 _y2)

'IT

[

(a2 +Y)(I-a2y)

]

- _
8 log , -a2 <y <a2, a=tan('IT/8)= yl2-1

(a2 -y )(1 +a2y)
M+I

[

M

)(13) COS2(-iM'IT)Ti2(y)= n~l m~l Ti2(amxn)-Ti2(xn) , where the xn

x+y SX-SX3+...
are the roots of ~ = 1 3 4 and Sr is the sum of-xy I-S2x2+S4x -..,

the products of the am taken r at a time

(14) f
[

Ti2 (
A

) +Ti2(x; )]
=Ti2(y)+ i Tiixn)'

I XnXn-l I

where Xo=X3' A = -i(S+ VS2 -4P), S=XI +X2 +X3 +y,

P=XIX2X3Y' and tan-l(xI)+ tan-l(x2)+tan-l(x3)+tan-l(y)=O
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The range of validity of the above two formulae is discussed in Section
2.8.

.

[

I-Z+lWZ

] [

I-W+lWz

]
(IS) Ti2 - ~ +Ti2 - ~ +2Tii-iwz)+TiiI-w)

I-w+2wz I-z+"2wz

, ,

(
W

)
,

(
Z

) 1 '

[

2( 1- w)

]
+Tl (I-z ) -Tl - -Tl - --Tl

2 2 2-w 2 2-z 2 2 w(2-w)

1 '

[

2(I-Z)

]

,

[

I-(1-W)-iWZ

]

.

[

I-(I-Z)-iWZ

]
-2T12 +T12 I +T12 1

z(2-z) I-w+2wz I-z+2wz

.

[

W(I-Z+-iWZ)

]

.

[

Z(I-W+-iWZ)

]
-T12 - 1 -T12 - 1 2

2-W+2W~ 2-z+2~

_lTi

[

- 2(I-T=W-iWZ)(I-W+-iWZ)

]

2 2

( 1 2 )(
I

)W 2-W+2W Z l-z+2wz

- !Ti

[

- 2( I - ~-iwz )( I - z + iwz)

]
2 2

(
1 2

)(
1

)z 2-z+2wz I-w+"2wz

[

Z(I~W+iZW)

]

=2Ti2(1)+'lTsgn(w-z)Iog -
w( 1- Z+ izw )

'IT

[

. w2z2(I-z+iwz)(I-w+iwz)

]

- - log
4 (2-w)(2-z)(2-w+ iW2z )(2-z+ iwz2)

The range of validity of this formula is discussed in Section 2.8.5.

A.2.3. The Generalized Inverse Tangent Integral of Second Order

Ix tan-I(x)
(I) Ti2(x, a)= dx

0 x+a
(2) Ti2(x,O)=Ti2(x)
(3) Tiix,oo)=O
(4) Tii-x,a)= -Tiix, -a)

a. tan-I(x) 1
[ (

a+x
)(5) _a Tlix, a)= - -log -

a x+a I+a2 a

- i log(1+ x2) +atan-I(x )]'0

[

2 1/2

]
(6) Tiix, a)- Tiia, x)=Tiix)- Ti2(a)+tan-l(a)log a(1 +x )a+x

[

x(I +a2)1/2

]
- tan-I(x )log

x+a
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(7) Tiz{l,a)=tTiz( ~~:)-tTiz{a)-~Tiz( l:aaZ)

(aV2 )
'IT .

[

l-a4

]
+tG+tan-l(a)log -1

--
S log

+a (l+at

(

1+aZ

)(8) Tiz(lja, a)= t tan-l(lja)log -;;:-

(9) Tiz( ~~:,a)=tTiz( ~~:)-tTiz(a)-~Tiz( l:aaZ)+tG

(
2aZ

)

'IT

(

1+aZ

)+ttan-\a)log
.

- +-
S log -

l+az l-az

(10) lim Tiz(a- e, - a)= tan-l(a)logl ej a 1+ Tiz{a)
£-,>0

- t log(l +aZ)tan-l(a)
(11) lim Tiz{x, a)= t 'ITlog x- ~ 'lTlog(l +az)-Tiz(a)+tan-l(a)loglal

x -,>00

(12) Ti
(
~,~

)
=2Ti (x+y , x+y )+2Ti (I-x ,

...

I-X
)-

z l-xz l-yZ z l-.xy l-xy z l+x l+x

.

[

(l-xy)z 2

]
2Tlz{y, y)+tan-l(x)log "2

(l + x )z 1+ Y

[

yZ(l +xZ)

]

'IT

[

2(1-x)z

]+tan-l(y)log z - 4"log z
(x+y) l+x

(13) Tiz{x, a)+ Tiz{ljx, Ij a) - Tiz(x) = t 'ITlog
[

a+ x I

]

- Tiz(a)
x(1 +aZ)I

+tan-l(a)log(a), x, a>O

(14) Tiz{ -x, a)+Tiz( -ljx, Ija)+Tiz(x)= - t 'lTlog
[

x-a

]x(1 +aZ)

-Tiz(a)+tan-l(a)log(a), x, a>O

(15) Tiz{x, Ijy) + Tiz(Y, Ij x) = tan-l(x)log
[

1 +.xy

](1 +yZ)I!Z

[

l+xy

]
+tan-l(y)log

(I +XZ)I!Z

(16) Tiz(x,a)-Tiz (I-ax ,a )=tan-l(lja)IOg
[

a+x

]a+x (l+aZ)I!Z

(17) T
.

( ) T
.
(

I-bx
b)

T.
(

I-bx l+ab
) T.

(
1 I+ab

)lz x,a - lz b+x' + lZ b+x' a-b - lZ b' I-ab

=tan-\Ijb)IOg
[

(a+x)b

]a(I +bZ)I!Z
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(
I - bx I + ab

)
.
(

I I + ab
)(18) Tiz(x,a)-Tiz{x,b)+Tiz b+x' a-b -Tlz b' I-ab

(
a+x b

)=tan-I(Ijb)log -. -
.b+x a

Other equations of this nature may be found in Section 3.3.4.

..

[

sin(O+If»

]
(19) T1z(tanO, tanlf>)=Tlz[tanO, - tan( If>+ 0)] +Olog .smlf>

(20) Tiz(tanO, tan If>) - Tiz(tanO, tan If;)= Tiz[tan( 1f>-tJ;),tan(O+If;)]

-Tii[tan(If>-If;),tantJ;]+(If>-If;)lOg
[ . ~inlf> ) ]sm cp+ 0

+ 0log
[

sin( 0 + If»

]sin( 0+tJ;)

See also Sections 3.3.5 and 3.3.6.

(21) Tiz ( l
a+x

)=Tiz{a)+tan-l(a)lOg
[ t+x ) ]

+ Tiz{x, a)-ax a I-ax

+Tiz( -x, Ija), x< Ija

(22) Tiz (
1+ax

)=Tiz{Ija)- tan-l(lja)log
[ t-X ) ]

+ Tiz(x, Ija)a-x a l+ax

+Tiz( -x, a), x<a

(
a+x

) [

a+b+X(l-ab)

]
(23) Tiz _1 ' b =Tiz(a, b)+tan-I(a)log ( )( ) .-ax a+b I-ax

+Tiz(X, ;~:b)+Tiz{-x,lja), x<lja

[

x( a+ 1j a)

]

. .
j

. .
)(24) Tiz -- =Tlz{ax)+Tlz{X a)~Tlz{xa, a)+Tlz( -xa, a

l-xz

-Ti (~,-!- )+Ti (-~, ! ),z a a z a a Ixl<:l

Further formulae of this form are given in Sections 3.5.3-3.5.5.

(25) Tiz
[

x(b+ I~b) , a(b+l~b)
]

-Tiz
[

x(b+ l~b)
]

= Tiz{bx, ab)
I-x I-a I-x

+Tiz(xjb, ajb) + Tiz{bx, -bja)

+ Tiz{xjb, -ljab)-Tiz{bx)-Tiz(xjb)

(26) Tiz
( ~, ~ )-4Tiz(x, a)=Tiz ( 2x z)-2Tiz{x)

I-x I-a I-x

-2Tiz ( l
a

.

+x
)+2 tan-l(a)log

[ t+x ) ]
+2Tiz{a)-ax a I-ax
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(27) 4Ti2(X' ~~:)-4TiiX,a)=Ti2( 1~:2)+2Ti2(a)-2Ti2( ~~:)

.

[

2x(l-a2)+2a(l-x2)

]

.

[

I +a+x(l-a)

]
-Tt2 +2T12

(l-a2)(I-x2)-4ax l-a-x(1 +a)

2T
'

(
a+x

. ) 4 -i
e )1

[

(l+a)(x+a) 1

]
- 12 - + tan a og . -

I-ax x(l-a)+I+a a

_:!!.IOg
[

I-a. l+a+X(I-a)
]2 l+a l-a-x(l+a)

Sections 3.5.7-3.5.10 contain further fonnulas of a similar character.

(28) tTi2
(

r2sin20

)
- tTi2

(
r2sin20 , tan20

)l-r2cos20 l-r2cos20

T
.

(
rsinO

) T
.
(

rsinO .

0) T'

(
rsinO

)=1 -I tan-I
21-rcosO 21-rcosO' 21+rcosO

.
(

rsinO
)+T12 1 o,-tanO+ rcos

I n

[

x-COS(Om)

](29) -Ti2(xn)=L(-I)m-ITi2 . ( ) ,cot(Om)n I sm Om
Ii.]

+ cos2(n'1T/2){ t '1Tlogx+ 2 L (- l)m-I[Ti2(tanOm) -Omlog(tanOm)]}'
I

where Om=(2m-l)'1T/2n
n-I

{ [ ]

1 . ,r?T-ncp
(30) -;;TI2[tan(nO), tan( ncp)]= L TI2 tan 0, tan( n )

0

- Ti2[ tanO, tan( ~'1T) ]}

[

.

(
-2XIX2

)

.

(
-2XIX2 2XIX2

)(31) L TI2 2 2 -Tt2 . 2 2' 2 2
x,y,z I +XI -X2 I +XI -x2 XI -x2

.

( XIY2 +X2YI )
.
( XIYl +x2YI XIYl +X2YI

)]
-2T12 +2T12 , =0,

1+X2Y2 -XIYI 1+X2Yl -XIYI x.Y. -X2Y2.

where XI +YI +ZI =XIYlz. -x.Y2z2 -x2Y2Z1 -x2Ylz2'

x2 +Y2 +Z2 =XIYIZ2 +XIY2zl +X2Ylzl -X2Y2Z2
n-'

(32) TiitanO, tancp) = +Ti2[tan(2nO), tan(2ncp)]- ~ L 4 -mV(2mO,2mcp),
2 no'

where V(O,cp)=Ti2(tan20) - 2Ti2(tanO) - 2Ti2[tan(0+cp)]
+ 2Tiitancp)+ 2cplog[tan(0+cp )/tancp]
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(33) 2Ti2(y, 1)=Ti2 (~ ~~) + Ti2(y)
I .

(
2y

)
I

(l-y )--Tt - --'1Tlog - -G
2 2 l_y2 4 1 +y

(34) 4 Ti2[tanO, tan( '1T/8)] = 2 Ti2[tan( 0+ '1T/8)] - 2 Ti2[tan( '1T/8)]

+2TiitanO)- tTiitan20)- ~Ti2(tan40)+ tTi2[tan(20+'1T/4)]
I I

[

tan(O+'1T/8)

]

I

-iG-4'1Tlog tan(;/8) -g'1Tlog[tan(20+'1T/4)]

For other equations of this nature see Sections 2.3 and 2.7 and Section
3.9. .

(35) Ti2 (i.:.-~ ' A) =TiiY, a)+Tiiy, b)-Tiiy, c)- TiiY, e)

+Ti2 (z, 1 / )+Ti2 (Z' I /b )-Tiiz,I/C)c+e-ce a c+e-ce

- Ti2(z, 1/ e), where tan-fell A) = tan-I(c)-I:;.tan-I( e) - tan-I(a)
-tan-I(b), z= -y/[ce+y(c+e)], and A(ce-ab)=ab(c+e)

For a more general relation see Section 3.10.

A.2.4. Clausen's Function

(I) Liiei8)= ~co\nO +i £ sin;0 =GliO)+iCliO)I n I n

(2) GI (0) = '1T2 02 -2'1T101
2 6 + 4 '

(3) CIi 0) = - fe logl2 sin t 0 IdO
0

(4) Cli2n'1T:tO)=Cli:tO)= :tCl2(O)
(5) Cli'1T+O) = -Cl2('1T-0)
(6) CI2(0)= -Cli2'1T-O)
(7) Clin'1T)=O. In particular Cli'1T)=O

f
"/2

(8) log(sinO)dO= -t'1Tlog2
0

(9) Clit'1T)=G
(10) Cli3'1T/2) = - G

-2'1T;;;'0;;;' 2'1T

Other numerical relations are given in Sections 4.3 and 4.5.

(II) Maximum value of CliO) occurs when 0='1T/3
(12) tCI2(20)=CliO)-Cli7T-0)

I -
(13) - ClinO)=CI2(0)+CI2(O+2'1T/n)+...+CliO+n-127T/n)n .
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I

(14) Clz(2'17In) + Clz(4'17/n)+ . . . + Clz(2n -1'17/n) =0
. I ~ (

2r'17+O

)(15) Clz(O)= -OloglsffiiOI+O+ t 20-2r'17log2r'17-0 ,-2'17<0<2'17

(

B OZ B 04

)(16) Clz{O)=O 1-logIOI+ 2';2! + 4'~4! +... ,

(17) Tiz(tanO)= OlogltanOI+ tClz(20)+ fClz( '17- 20)
.

I

sine0+ 4»
I(18) Tlz(tanO, tan 4>)=Olog cos 0 + tClz{20+ 24» + t Clz( '17- 20)

- t Clz{24»
(19) Clz(44))=4 Tiz(tan4>, tan 4>) -44>logI2sin4> I
(20) 3Clz( 4»+ 2Clz{t '17-4» + Clz( '17-4>)=6G,

5

(21) ~ [Clz(20n)-Clz{20n+z +20n+3)+Clz{20n+z +20n+3-20n)]=0,
) -

where sin(O)+OZ+03 +04 +05) = sin(OI +Oz +03 -04 -05)+four other
terms cyclically derived (OS+mis to be interpreted as Om)
5

(22) ~ [Clz(2a-24>n+1 -24>n+4)+Clz(2a-24>n+z -24>n+3)
)

0< 101 <2'17

tan 4>=4/3

5 5

-Clz(2.pn)]=0, where 0= f~ 4>nand sina= ~ sin(a-2.pn)
) )

In Egs. (23) to (26).p and 0 are related, by tan4>=ttan(0/2).

(23) 3Clz(20) + 2Clz(24))- 3Clz(24) -0)- Clz{30- 24» - 6Clz(0) =0,
(24) 2Clz{24»- 3Clz(2.p-0) -Clz(30- 2.p)- 6Clz{ '17-0) =0,
(25) 2Clz( '17-0) - 3CI2(2.p-O) +Clz{64>- 0) - 6Clz{24» =0,

(26) 8Clz(2.p) - CI2(30- 2.p) - CI2(64)-0)- 8C12('17-0)=0,
(27) 2 CI2(2.p) + 2 CI z(20) + CI z{41f1)- CI z{24>- 20 + 21f1)

- Clz(20- 24>+ 21f1)- 4Clz{21f1)- 2Clz(2.p - 21f1)- 2 Clz(20 - 21f1)=0,
where sine 0 -If; ) sine 4>-1fI ) + sin 0 sin 4>= 0

For further equations of this nature see Section 4.6.9.

A.2.S. The Dilogarithm of Complex Argument

(I) Liz(rei9)=Liz(r,0)+i[w log(r)+ tClz{2w) +t Clz(20) - t Clz(2w+ 20)],

where tanw=rsinO/(I-rcosO)

(2) Li2(r,0)=_t j rlog(I-2rcosO+rZ) dr
0 r

(3) Liz{x,O)=Liz(x), -I.;:i;x.;:i; I
(4) Liz(x,O)=Liz(x)+i'17logx, x> I
(5) Liz(x, '17)=Liz( -x)
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(6) Liz{x, O)=Liz(x, -0) = Liz(x,2n'17:t0)

(7) Liz(x, t '17)= Liz{x,3'17/2)= ~ Liz(- XZ)

(8) Liz(x, '17/3)= -k Liz{_X3)- t Liz( -x)

(9) Liz(x,2'17/3) = -kLiz(X3)- f Liz(x)

[

Z

]

. I . Z I. -x I, -x
(10) Llz(X, '17/4)= 4Llz(Xy2-x )-iLlz (y2- )+iLlz z

x (y2-x)

(II) Liz(x,3'17/4)= ~Liz( -xy2-xZ)- i Liz(y;+x)
I .

[

_X2

]
+ i Liz

(y2+x)Z

See also Sections 5.5 and 5.8.

(12) Liz(x, '17/6)= I~Liz( _X3)- ~ Liz (-x) - t Li2( y~~x)
+ ~ Li2(xy3 -xz)

(13) Liz(x,5'17/6)= ITLiz(X3)- i Liz(x)- i Liz(y3:x)
+~Liz(-xy3-X2)

(14) Liz(I,0)=~('17-0)2-'17z/12, 0;£0;£ 2'17

(15) Liz{2cosO, O)=(f '17-0)2, O.;:i;O.;:i;'17

(16) Li2(cosO, 0)= ~ Li2(COSZO)+ta '17-0)2, O.;:i;O.;:i;'17

(17) Liz(sec 0, 0)= 5'172/24- ~Liz(cOS20)-t log2(cos0)- f 'lT0,
0;£0<4'17

(18) Liz{t sec 0,0) ='17z/12- t 02 - f log2(2cos 0), - t '17<0< t 'IT

(19) Liz{tant B,t 'IT-0)=~B2 + t Liz{tan2t 0)- ~ Liz( -tan2f 0),_.! '17<0 <.! 'IT2 = = 2
n-)

(20) .!.Liz(xn,nO)= ~ Li2(x,0+2r'IT/n)n 0

(21) f Liz(X2,20) = Liz{x, 0) + Liz{x, 'IT-O)

. I 2 I(
xsinO

)(22) dLlz{X,0)=-ilog(l-2xcosO+x )dx/x-tan- I 0 dO-xcos

(23) LiZ{I/x, 0)+ Liz{x, 0)= - t log2(x)+ f('17-0)2 -'172/6,
O.;:i;O.;:i; 2'17

(24) Liz(x, 0)+ Li2(2cos O-x, 0)=(1 'IT-O)Z+ 1 Liz{2xcos O-XZ),
O.;:i;O;£'17

(25) Li2 (1- ;x:~s 0)= 2 Liz(x, 0) + 2Li2 (1- 2~~os 0 ,0)

+ f10gz(I - 2xcos 0)
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For further examples of single-variable equations, see Section 5.4.

(26) Liix, 0)+ Li2(y, 0)+ Li2(z,0)=(4 'TT-0)2+ 4 Liixy) + 4Li2(yz)

+4Li2(zx), where x+y+z=xyz
(27) Li2(-a2,2a)+ Lii -b2,2fi) + Li2(- c2,2y)=2Li2(ab, a +fi)+

2Liibc, ,8+y)+2Li2(ca, y+a), where aeia +beif3 +ceiy =
abcei(a+t3+y)

See Section 5,7 for further details, where a number of formulas of a
similar nature are derived,

(28) Li2(ab, a+,8) = Li2(a, a) + Li2(b, ,8)+ Li2 (b s~n,8 , 'TT+a)sma

L
'

( sina a) I I 2 (
aSina

) h
'

b ' a
+ 12 asin,8''TT+,... +"2°g bsin,8'w ereasma- sm,...=

absin( a - ,8)

(29) Li2 (2 Xo ,20)=2Li2(X,0)+Li2 (2 -; )cos -x cos -x

- 4Li2(2xcosO-X2) n

(30) Li2(x, 0) = 21-n Li2(xn' On)- L 21-r[Lii -xr) - 4Li2(x;-llxr»)'
2
x sin 0

where 0 = 2r-IO and x =
r r sinOr- xsin( Or-

(31) Li2( -x, /J)+Li2( -XI' fj»-Lii -X2' O+fj»
.

[

sin( fj>-O)
]

,

( sinfj> ) 1-
-L12 - sinO ,fj> +L12 - sinO ,fj>+0 ="2 W(x,fj»,

where XI = [x sinfj> + sin( fj>- O»)/sinO, X2 = [xsin( fj>+ 0) + sinfj>)/sinO,

W(x,fj»=Li2
[

- x2s~nfj>+xsin(~-0)
]

-Li2
[

,xsin(~+a)
]xsm( fj>+0) + smfj> smfj>+ xsm( fj>+0)

L
'

[I
sin2fj>

(I
Sin(fj>+O»

)]
L'

(I
Sin2fj»

+ 12 -- +x , - 12 --
sin20 smfj> sin20

+210
[

sin(.fj>+/J)
]

10
[

XSin(fj>-:O)+sinfj>
]g smO g smfj>

(32) Lii -x, /J)-Li2 [ xSin(Ox:~;+ sinfj>' fj>]

L
'

[

_sin 0 /J
]

- L
'

[

- sin( 0+ fj»
]

+ 12 , +fj> - 12 X .
xsin( 0+ fj» + sin fj> smfj>

L
.

(
sin 0

0 ) I
[

sin fj>

]
I

[

sin fj>.

]
+ 12 - ~, + fj> + og og

smfj> sin( /J+ fj» xsin( 0+ fj» + sinfj>
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The follow-up of this equation is given in Section 5.9.8.
,

( sinfj>

)
,

[
sin( fj>-O)

]
I,

(
Sin20

)
(33) L12 - -:--0 ' O+<{> - L12 - '0 ' fj> =(/<{>-"2L12 -;--

~ ~ ~<{>
+10 (s~n<{» lo

[
Sin(,<{>-O)

]g smO g sm<{>
,

[

sin0

]

,

(
sin 0

)(34) L12, ),<{> +L12 -~,O+<{>sm(O+<{> sm<{>

=102-110 2
[

Sin(,O+<{»
]2 2 g sm fj>

.
[

sin(<{>+NO)-
]

,

( sin<{>

)(35) L12 - sinO ,<{>+N+IO -L12 - sinO ,<{>+O

I ~ .

[

sin2/J

]
=NO[<{>+"2(N+I)0]-4.::..,LI2 '2

I sm (<{>+rO)

~
[

sin(<{> + rO)
]

I
[

sine<{> + r - 10)

]
+ .::..,log . 0 og ,

I sm sin( <{>+rO)

(36) Li (- si~ NO N + 10)= 1 02N(N + 1)- 1 ~ Li
(

sin20

)2 sm 0 ' 2 2 .::.., 2 . 2 01 sm r

+ ~ 10 (si~ rO)io (si~r=t0)2 g sm 0 g sm rO

(37) ~I Li2
[

~in2('TTIM)
]2 sm2(r'TTIM)

2 M~l l
[

sin(r'TTIM)

]1 [
Sin(r-I'TTIM)

]
2 I

II )= .::.., og og + 'TT(- - M
2 sin( 7T1M) sin( r7T1M) 2

(38) MLi2( -x, 0)=Li2( -xM, MO)-(M - I)(i M02 -'TT2/I2)M-I'

+4 L W(x, nO), -'TT<MO<7T, where
n=1

o<<{>+ NO<7T

XM =[xsin(MO)+sin(M-lO)J/sinO and
TrJ:( 0) L

'

[
x2sin no+xsin(n-IO)

]
rrlX,n = 12 -

xsin(n + 10)+sin(nO)
- L '

[
xsin(n+10)

]
. 12

xsin(n+ 1O)+sinnO

L
.

(
sin\nO)

[I
sin(n+ 10)

])
21

[
Sin(n+10)

]
+ 12 1- +x + og ,

sin20 sin( nO) sm 0

I
[

x sin(n + 1O)+sin(nO)
]X og , 0sm


