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APPENDIX

REFERENCE DATA
AND TABLES

A.1 GLOSSARY OF NOTATION

The following symbols have been used throughout the book and are
collected here for ease of reference. Whenever possible, standard usage has
been adhered to.

(1) B,. The nth Bernoulli number, defined in terms of the coefficients of
the power series expansion of

Z
e —1

(2) B,(z). The nth Bernoulli polynomial, defined as the coefficient of
t"/n! in the power series expansion of re*/(e” —1)

=1-1z+ % (—1)""'B,z3"/2n)!
1

(3) C1,(0). The generalized Clausen function. If n is even,

clL @)= 5-’%’—‘3 if n is odd, Cl,(0)= 3 “:ﬂs,fe
1 1

xlog" | x| (cos a+ x) dx
1+2xcos a+ x?

, Kummer’s function related to

@ D(x,)= [
ReA”(xef“)

x n—1 = dx
(3) E (x; a)ﬂf los™ [xismo , Kummer’s function related to
= Jo 1+2xcosa+x?
Im A, (xe')

(6) E,, the nth Euler number, defined in terms of the coefficients of the
o0
power series expansion of secz=1+ b5 Erzz’/ @2r)

(7) G. Catalan’s constant, = LY. + L

F 3" .8
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(8) Gl (6‘) The assomated Clausen function. If n is even,

sai smrﬂ
Gl (0)= 2 coST0 . if nis odd, G1,(0)= 2
1
(9) y. Euler’s constant, = lim [(1 4340+ ;)—log n]

(10) i=V — 1
(11) Im=imaginary part of

(12) L(x). Newman’s function, —J; Nt

uses of L also occur.) .

[ : X _X X ...=—Li(—x
(13) L(1+x). Spence’s function, = 37 ~ 5& + 3 i(—x) )
(14) log(x). The Napierian logarithm (only logarithms to base e are used)

(15) log"(x)=[log(x)I"-
(16) Li,(x). 1he polyloganthm of order n,

X X --—f Li,_(x)dx/x

Pty Ty
(17) Li(r,0)= ReLi (re " - -
(18) Ls,(#). The log-sine integral of order n, = —-f log" '|2sin 5 0| d6

(19) Lss(8, ). The extended log—sme integral of the third order of argu-
ment @ and parameter a, = — f log|2sin § 0]log|2 sin(3 0+ 3 )| df

(20) Ls{™(#). The generalized log-sine integral, of order n and index m,
=—-f38'"log"”'""|23in%81d9

: xlog" '] x|
(21) A,(x). Kummer’s function, =J; o s dx
22) [x]=the integral part of x ‘
523% EI’(]x). The logarithmic derivative of the Gamma-function,
=T"(x)/T(x)
(24) Re=real part of

(25) sgn(y)=+ify is positive, —if y is negative , ;

R

WD
(26) Ti,(»)- The inverse tangent integral of order n, = T
- [Tl Th0)= [ an )y

(27) le( y,a). The generahzed inverse tangent integral of order 2,
= J‘P tan™
+a :
(28) Ti ( y fz’) The generalued inverse tangent integral of order n,

Tln—-l(}) Tln i(yta) Tln l(y,a)]dy
_f[ y+a y y+a

log(x) 4o —Li,(1—x) (4d hoe
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W

5

(29) x,.(x). Legendre’s chi-function of order n, = li + ';— + %; + -
(30) {(s). Riemann’s zeta-function, = >, n~*
1
(31) {(s, a). The generalized Riemann zeta-function, = Y, (n+a) ~*
0

A.2. LIST OF SELECTED FORMULAS

The following list of formulas is selected from the results given earlier in
the book, or from the literature in the case of a few equations whose
derivation is so close to that of those already given that further analysis
should be unnecessary. In order to keep the list reasonably short, refer-
ences are made when appropriate to the relevant sections for further
equations similar to those quoted. In general the results are given ap-
proximately in the order in which they occur, chapter by chapter.

A.2.1. The Dilogarithm

. e *log(l—z) _ =x x* -2 =
€)) le(x)——fo e dz -13+ 32 +?+---when %S 1
) Liy(1)=7?/6
3) Liy(-D)=—-7%/12
@) Li,(3)=72/12—;10g?(2)
Further numerical relations are given in Section 1.4.
(5) Liy(—x)+Liy(—1/x)=—-7?/6—1log’(x), x>0
(6) Liy(x)+Liy(1/x)=7n?/3—3log?(x)—imlogx, x>1
(7 Liy(x)+Li,(1—x)=n?/6—log xlog(1—x)

(8) Liz(x)+Li2(—ﬁ)= —llog¥(l-x), x<I

) Liy(0)+Liy (25 ) =472 %logZ(x~1)+mlog( '), x>1
x—1 x2
(10) Liz(—x)-Li,_(l-—x)+%Liz(l/x2)=!ogxlog(£;l—), x>1
(11) Liz(l—x)—Liz(l/x)=%logxlog[( 2 7 ]—w2/6, x>1
x—1

(12) Ll( ) Li(—x)m ﬂz/ﬁrllog(l+x)log(]+x), x>0
(13) Liy(x)+Liy(—x)= -le(xz)

2
i 2 5 e L —X 1 2 I+x
(14) le(l”f" )+L1 (m)_iLll(l_xz)__zlog (}_x),
—1<x<1
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1
(15) Li;Gx~% )+2L12( ) —2Li(x)=7%/6-log’2—x), x<I
Further relations of this nature are gz in Section 1.5.

(16) Liz(-lé;-l—{;)=Li (1 y)+L12(T——) Li,(x)—Liy(»)
—log(1—x)log(1—y) (Abel)

y(l*x)]

P x(1=y) .
17 Liz(xy)—_»Liz(x)—l-Liz(y)—Lll[-g—_—xyd]—-hz[ =

-—log( 11 )1 g( 1‘3{; ) (Hill)

y(1—x)
x(1=y)

+log xlog(—i{%) (Schaeffer)

2 -
(19) Li, [i((l;y—;;}=u2[— x(ll*;’) ]+Li2
~y
==

X
x (1
-!—le{ (

(18) Li, [ ]=Liz(x)—Li2(}’)+Liz()’/x)+Li2("1‘__—;)_ =

i =y} ]
y(1—x)

)}+L (ri) +1llog2(y)  (Kummer)
) X

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li,(x)+2Li,(y)+2Liy(2)= =Li,(—xy/z)+Liy(—yz/x)+
Li,(—zx/y), where 1/x+1/y+1/z=1 (Newman)

(21) 2Liy(xy)+2Liy(yz)+2Liy(zx)= Li,(—x?)+Liy(—y 2y +Li,(—2z?%),
where x+y+z—xyz=0

(22) Liz(y)='n'2/6+2 3 [Liy(xA ) —Lis(A, /AL where the x, are
11

N
the roots of the equation MHa-a,x)=1-y
. 1

x d. : ;
@) xs0=1 [ g5 ) 5 =3 Lia(0) = 3 Lia(=)
3 5
sl gl o e o]

7.3 8
L W l+x)logx
@) xs()+xa (o) =/ + el 7=
@5) x:()=7"/8
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Other numerical relations for x,(x) are given in Section 1.8.
(26) x,(e "2+ x,(itan@)==2/8 +iflog(itan)

2 B 3 B 5
(27) Liy(e *)=n>/6+(zlogz—z)~ - L 512
|z|<2m

PR ERTIY L7 T R

A.2.2. The Inverse Tangent Integral of Second Order

‘ ” tan”y y .y
= = —_ ——— =
M To=[ L pe Lt L when |y 5 1
(2) Ti,(1)=G=0.9159655942

(3) Tiy(tanw/12)=Ti,(2—/3)=2G/3+(w/12)logtan(w/12)
Other results of a similar nature will be found in Sections 2.5 and 2.6.
(4) Tiy(»)~Tiy(1/y)=sgn(y)75 loglyl, real
i | Y2 —9) . ( y )
5> Ti, [ 2(0=y) }+T12 5

e (o 12),

—l<y<l (Spence)

y(2+y)

DL e |
(35) Tiy(3 y°)+5Ti, 21+y)

An extension of the range in y is given in Section 2.3.
(6) 2Tiy(3)+Ti,(3) + 1 Ti,(3)=3G -} wlog2
(7) 1 Ti,(tan36)="Ti,(tan )+ Ti, [tan(—— va)] = 2 [tan(% +9)]

6
7 [ tan[(7/6)+0]
"6 "’g[ tan[ (7/6)—0] ]

—m/6<0<7/6
8) Soii +l le[tan(2n+lﬂ)]—T12(tan8)
: 2r—1la A 2r—lor
_ngz [tan(m+9)]+$le tan(m —8)}

2r—Ilw '
B tan| ———— +4 ; :
g 2(2n+1) 1 1

2n+12(2r-—1)10g {Zr—lﬂ },—2“1 5

. 2(2n+1)
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1
(15) Li,(2x—x )+2Lzz(2 ) 2Liy(x)=m 7?/6—log*(2—x), x<1
Further relations of this nature are gz in Section 1:5:

(16) Liz(_l—x_n;-_l%;) le(l y)+L12(Ty—£)—Li2(x)—Liz(y)

—log(1—x)log(1—y) (Abel)

‘ 1~ . | y(1=x)
(17) Liy(xp)=Liy(x)+Liy(»)—Li, ["fr Y) ]—le [}’—Et—x%—}

xy
T—x 1= >
- log( i ) IOg(T:—_xj;) (Hill)
o 2 —2) L :ﬁ)_ﬁ
(18) Li, (1) =Li,(x)—Liy(y)+Li(y/x)+1i:\ T3 3

+log x log( 11 i; ) (Schaeffer)

1-y) | _1; & P W el
19 Liztx: __i;z}:le{—x(l—j ]+le[—m]

1
e [y El");)) l le( 1- )+ log*(y)  (Kummer)

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li,(x)+2Liy(y)+2Liy(z)=Liy(— xy/z)+Liy(—yz/x)+
Li,(—zx/y), where 1/x+1/y+ 1/z=1 (Newman)
(21) 2L12(xy)+2L12(yz)+2L12(zx) =Liy(—x 2y+Liy(—y 2)+Liy(—z o

where x+y+z—xyz=0
N N

(22) Liy(y)=7/6+ 2 2 [Liy(x,A,)—Lix(A, /A,)) where the x,, are
] (SR |
N

the roots of the equation H(l —A,x)=1—y

_ fit o
23) xz(x)=—f log(l i);‘ 1 Liy(x)— L Liy(—x)

3 5
_____X_+£C__+_x__+___|x1<l
P 8
1—
) xa(0)+xs (1 | =/8+ Hog( 15 o

(25) xo()=7"/8
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Other numerical relations for x,(x) are given in Section 1.8.
(26) x (e %)+ x,(itanf)==>/8 +iflog(itan 9)
2 B Bz

B e St A T
(27) Liy(e *)=n"/6+(zlogz—2) t2321 asa T
|z| <27

A.2.2. The Inverse Tangent Integral of Second Order

t 5
(1) Tiy(y)= f an ydy—y §2+52—---when|}’|él
@) Ti,(1)=G= 0.9159655942
() Ti,(tanm/12)=Ti,2—/3)=2G/3+(n/12)logtan(r/12)

Other results of a similar nature will be found in Sections 2.5 and 2.6.

(@) Tiy(y)~Tis(1/y)=sgn(y) logly|,  y real

-4 3572 |+ ()

le(zyy)+T1?_(l y)+T12( -:-y) 2G+410g(l—y)

—-1<y<l (Spence)

L SO y(2+y)
(5) TGy )+2T12[2(1+y)

An extension of the range in y is given in Section 2.3.

(6) 2Ti,(3)+Ti,(3)+3 Tiy(3)=3G—; wlog2
(7) 1 Ti,(tan30)=Ti,(tan8)+Ti, [tan(— me)]—Tiz [tan(% +o)]

6
7 tan[ (7/6)+8]
+”‘°g[ tan (7/6)— 0] }

(8) ey +l ——— Ti,[tanZn+ 10)]=Ti,(tan#®)
: 2r—1=w - Ir— 1o
2T — 44 i sEh L o
; 'z[lan(z(znﬂ) )+$le[[&“(2(2n+1) 9”
tan ol +4
L 22n+1) 3 1a

2n+l < N T 2n1 S Zn
n - —
2(2n+1)

—w/6<0<7/6
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| aaenew) | | 40o2Cy) ]

@ rlz[(2~yz)(2+4y+y’*) § l:"[(il—y’)(2~4y+y’!)

+2Ti2(,2+_"fi’i)’_z)_2ﬂ2(i—_4&%ﬁ]+4“2(_iw]
2 2=

; : 2y
+4Ti, (32 —4Tis(1+2) +4Ti0 ~y)_sT12(2*y2)

2 e
=1l g(m)wlog(u), _2=vD) <<=V
? 2—4y+y? 1+y
] 2
4y(1+y)2+y) +2Ti2(2+4y+2y )+4Ti2(21y)
(2-r2)2+4y+»?) | 2—y

2
) _if oy - f 2 ayt +Ti(4y )
_4T12(1+y)—41'12(2ry2)+2T12(——-—2+y2) 2\ 3t

; >
=3 mlog —-Ei‘}—y—t)—;——l ,  —2+2<y<v2
2+y)(1+y) |

An extension of the range in y is given in Section 2.7.

(11) Ti,(7/24)+2Tix(1/7)+6Tiy(1/3) ~8Tiy(1/2)+Tiy3/4)
+17log(3/2)=0

(10) Ti,

- ; 1-y)

Aoy e | @y | oo | By 1 af ]

o ZT‘z(l—yZ)‘T"* =) | 2| @y |7 1rady
| a(l4+y) i 2ya )+1Ti( 2ya )
_le[ l-azy +2T12(l—y2a2 5 Ty —————az_yz

dya(l—a?y? ; dya(a® —y?)
+}Ti2[ gl oy ) 1+§le[__——~———r

(1-y2)(1—-a'y?) (1=y2)(a* —»?)

_lgr_:_x;__)} e Bt

877 (o ~y)(1+e%)
M+ [ M .
(13) cos’(3 M) Tiy(y)= > [ S Tiy(@,,x,)—Tiy(x,) |, where the x,
ne=1 m=1
x+y _ S x—S3xd 4+

are the roots of and S, is the sum of

1y  1-S,x?+8x*— -
the products of the a,, taken r at a time :

- X,y : i

i i n =T + > Tiy(x,),

9 3 [le( = )+T;2( fF )} FORDRECH

where xo =x;, A=3(S+V 82 —4P), S=x,+x; +x;3+), 1
P=x,X,X,y, and tan~ I(x,)+tan”'(x,)+tan"'(x;) +tan" (y)=0
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The range of validity of the above two formulae is discussed in Section
2.8.

- I—z+%wz
(1s) T, | e | A5, +2Tiy(L wz)+Tiy(1—w)

= S NENRLACTEY

2(1~- 1—(1—w)iwz 1—(1—2)iwz
= Ty 1) +Ti, m1)2 55, 1= -a)e
2(2-z) 1—w+iwz 1—z+ lwz

~ w(l—z+3wz) }—Tiz {_ z(1—w+3wz) }

—Ti,
2—w+%wzz 2

2—z+ 3wz

LT - 2(1_]_“’%"”2)(1—”"1'%“'2)

Sl

P w(@—w dwiz)(1- 2+ )
: z(l—m%wz)(l—z+—éwz)‘

E=0 L
e z(2—z+%wzz)(1-w+%wz)

= 2Ti2(l)+‘i‘75g11(w--z)10g { —

7 { w232(1—z+§wz)(l—w+%wz) ]
——log

2-w)2—z)(2~w+ iwz)(2—z+ lwz?)

w(l —z+ %zw)

The range of validity of this formula is discussed in Section 2.8.5.

A.2.3. The Generalized Inverse Tangent Integral of Second Order
: x tan~'(x
(1) Tig(x,a)= B2

x+a

(2) Tiy(x,0x=Ti,(x)

3) Tiz(x! 00)=0

() Tiy(—x,a)= —Tiy(x, —a)

0 _ta"_!(x) | a+x
O g Waleddm [log( +x)

— 3 log(1+x? )+atan” '(x)]
(6) Tiy(x,a)—Tiy(a, x)=Tiy(x)—Ti,(a)+tan"'(a)log

x(l+a2)'/2l

a+x

a(1+x2)'/2J

el
tan (x)log[ o
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; . (l—a . . 2a
) le(l,a)=%T12( l+a)—%T12(a)—%T12( : az)

2 1—a*
+1 G+tan“'(a)log( y )——%log[ a4}
: i ey 1+a?
(8) Tiy(1/a,a)=3tan" '(1/a)log "
. (l—a . (1—a ; 2a 1
(9)Tiz(——l+a,a)=%T12(——l+a)—%T12(a) '1"12(1 a2)+EG

. 2a’ T 1+a
-+ % tan '(a)iog(r-‘_-;;) + § log(l—-_—;l—z)

(10) lim Ti,(a—e, —a)=tan"'(a)log|e/a|+Tiy(a)
-0

—~—log(i+a ytan™'(a)
(1) lim Ti,(x,a)= z-arlogx—-wlog(lJra?') le(a)+tan_'(a)log|a|

2x 2y Yoo fXEY x+y) .(1—-): I—x)_
12 Tli(l =1 2)_2T12(l—xy’l—xy A FrE

G
(1-) 2 ]

2Ti,(p, y)+tan"!(x)lo
(7 7) (x) g{ (tx) 1452

2 2 e
i3 y2(14+x?%) =y 2(1 x)]
+ tan (y)lr;),g,[—~——-—(x+y)2 1 og _H_l+x2
+ ;
(13) Ti,(x, @)+ Ti5(1/x,1/a) = Tiy(x)= 1 rlog | ——— | ~Tiy(a)
x(1+a*)?
+tan~'(a)log(a), x,a>0
. x—a
(14) Tiz(—x,a)+T12(—l/x,l/a)+T12(x)x—%wlog m
—Tiy(a)+tan"'(a)log(a), x,a>0
- : g Xy
(15) Tiy(x,1/y)+Tiy(y,1/x)=tan" '(x)log (1+y2)'/21
+tan~ '(y)log e BEE
et 2
16) Ti,(x, a)—Ti (l_‘”‘ a)=tan-‘(1/a)log aE
( i 2\ a+x’ (1+a2)\/?
i ; [[1=bx . (1=bx 1+4ab (1 1+4ab
(l?) le(x,a)—le(m,b)"i‘le(m, e )‘“le(g, l—ab)

=tan"'(1/b)log { Gtk l

a(1+b%)"?
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(18) Tiz(x,a)~'ri2(x,b)+'ri2(l—bx l+ab)_ .2(1 l+ab)

b+x ' a—b b’ 1—ab
a+x b)

e ]
tan (l/b)log(b+x .

Other equations of this nature may be found in Section 3.3.4.

sin(@+¢)
sin ¢
(20) Ti,(tan#,tan¢)—Ti,(tan @, tan )= "Ti,[tan($—), tan(d+¢)]

(19) Ti,(tan#,tang)=Ti,[tand, —tan(¢p+6)]+8log [

—~Tij[tan(¢—y), tan¢1+(¢—¢)log[;ﬁ—i’m
sin(0-+9)
+91°g[ sin(0+) ]
See also Sections 3.3.5 and 3.3.6.
Q@1 le(%)=“z(0)+tan_l(a)log[ﬁ]+Ti2(",ﬂ)

+ Tis(—x L a), x<1l/a
@) le(” ) Moty tan_'(l/a)log[

+Tiy(—x, a), x<a

+Ti,(x,1/a)

(1+ x)

(23) Ti (——u b) Ti,(a, b)+tan~'(a)log

1 (a+b)(1—ax)

a+b+x(l~ab)]

: a+b -
+T12(x,T—_—E)+ Ti,(—x,1/a), x<1/a

4) Ti, [ x(‘l’Hé") ]=Tiz(ax)-l—TiZ(x/a)—Tiz(xa,a)+Ti2(-xa, a)
=

: 1 ; 1
_le(%,z)+le(-—-§,E), <]

Further formulae 6f this form are given in Sections 3.5.3—-3.5.5.

M] .

. | x(b+1/b) a(b+1/b
29 1, [ KHLLE) atoripp]
+Ti,(x/b,a/b)+Ti,(bx, —b/a)
+Tiy(x/b, —1/ab)—Ti,(bx)—Ti,(x/b)
. 2x 2a
(26) le( e ) 4Ti,(x,a)= le(l

-—a

—-X

% )sziz(x)
JC

a+t+x 1
e )+2tan (a)log[

_2T12( xx) ]+2Ti2(a)

a+
a(l—
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1+ : . 2a ay—2Ti (19

@) 4T (5, 122) 4Ty @) =Tiy (22 )+ 2Tiy(0) - 2Ti, (122
—a? —x? I+a+x(l—a
- 2x(1—a*)+2a(l1 —x?) +2Ti, a+x( )
’ (1-a*)(1-x?)—4ax l1—a—x(l+a)

. ([ a+x _ (I+a)(x+a) 1
_2T12(l_ax)+4tan (a)log m g

o [ I-a l+a+x(l—a)]

2 log I+a 1-a-x(1+a)

Sections 3.5.7-3.5.10 contain further formulas of a similar character.

(28) %Tiz(%)~§ iz(ilizrsj:j:m,tanze) |
Tl ety ) Tl et | Tal 25
+Ti2(r:-—ii—::1:;—9,—tan9)

29) %Tiz(x")=$(—1)”"'Ti2 %E(E%E%ﬂl,cot(ﬂm)}

(3]
+cos?(nm/2){; mlog x+2 > (— 1) [Ti,(tan#,,)— 6, log(tané,)]},
I

where 8, =2m—Dw/2n

n—1

. —n¢g
(30) - Ti[tan(nf), tan(ng)]= 3} [“2[‘“3’““( S )]

o

-~ 2r+]w)
—Ti,|tan#, tan 3

—2x,x, ) ( —2x,x, 2x,%, )
31 Ti,| ——————|-Ti :
=H x_zy_z 2(l—f-xl;!—-xz2 & 14x,2-x,2 x,2—x,?
wos [ Tls X )+2Ti2( X1 )y X0 Jpaite’ ixzyl )]=0,
Al +x,9;, —xy; L+x20; =X 91 X101 = X320,

where x, +y, +z,=X,y,2, = X032, =X 0,2, — X3, 2,,
Xy ty, tzy =002, X027, F X302, —X30,2;
n—1

(32) Ti,(tand,tan¢)= % Ti,[tan(2"0), tan(2"$)] — § 3 4 "V(2"0,2"p),

2 0
where V(#, ¢)=Ti,(tan28)—2Ti,(tan#)—2Ti,[tan(8 + ¢)]
+2Ti,(tan¢)+2¢log[tan(#+¢)/tan ]

i

A.2 LIST OF SELECTED FORMULAS 291

(33) 2Tiz(y,1)=Tiz( ‘;j)ﬂ“iz(y)

; 2y 1 | G
—%Tll(l_yz)—zﬂlﬂg(m)—c
(34) 4Ti,[tan, tan(w/B)]=2Ti2[tan(9+w/8)]—2Ti,_[tan(1r/8)]
+2Tiy(tan ) — ; Ti,(tan20) — ! Ti,(tan40) + 3 Ti,[tan(20 + 7 /4)]

I 1 tan(6+/8)
—3G—;wlog [ __—__tan(w/S)

J — 5 mlog[tan(260 + 7 /4)]

For other equations of this nature see Sections 2.3 and 2.7 and Section

3.9
i T . ; e :
(9) Tia ({25 4) =Tir(3, @)+ Tis(y, b)~Tiy(r, )~Ti(r, €)

. 1 . 1 . y
+T:2(z,m)+T12(z.W)—le(z,l/(.)
—Tiy(z,1/e), where tan~'(1/4)=tan"(c) + tan"'(e) — tan~'(a)
—tan~!(b), z= —y/[ce+y(c+e)], and A(ce—ab)y=ab(c+e)

For a more general relation see Section 3.10.

A.24. Clausen’s Function

(1) Liy(e®)=3 2510 ;5 sinnb _ ) @)+icio
1 n 1 n

_ 72 02279
R
(3) Cl(8)=— f log|2sin ! 6] 46
() ClL2na+0)=Cly(+0)= +Cl,(0)
(5) Cly(m+8)=—Cly(7—0)

(6) Cl,(8)=—Cl,27—8)

(7) Cly(nm)=0. In particular Cly(7m)=0
® [ log(sin0)d 0= — ! miog2

O ClL,G37)=G
(10) CL,(37/2)=-G

—27=0Z% 29

Other numerical relations are given in Sections 4.3 and 4.5,

(11) Maximum value of Cl,(#) occurs when O0=n/3

- (12) 3C1,20)=Cl,(8) - Cl(7—9)

(13) % Cly(nf)=Cly(0)+Cly(0+27/n)+ -« +Cly(8+n— 127 /n)
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(14) Cly2/n)+Clydm/m)+ - - +Cly@n=Tn/n)=0
(15) Cly(8)= —flog|sin ! 0] +0+ 2 (29 Irle gi ”g) —20<0<2q

16) Cl,(8)=61-1 a+‘gﬁ2+3294 0<|0|<2

(17) Ti,(tan#)=0log|tand|+ ; Cl,(20)+ 3 Cl(7—28)
sin(f+¢) }

+1C1,20+24)+ 1 Cly(7—26)

(18) Ti,(tan@,tan¢)=~log

-3 Cl,(2¢)
(19) Cl,(44)=4Ti,(tan ¢,tan ) —4¢log|2sin |
(20) 3Cly(p)+2Cly(3 m—¢)+ Cly(7—d)=6G,
]

@21 2[C1,26,)—Cly(28,,, +28,,3)+Cl(26,,, +26,,5—26,)]=0,
: _

tanp=4/3

where sin(8, +6, +0, +0, +6)=sin(8, +0, + 0, — 0, —5)+four other
t(;rms cyclically derived (0, is to be interpreted as 6,,)
(22) B [C1o20- 20,11~ 200000+ ClaQ0— 24,13~ 26145)
—Cl,(2¢,)]=0, where o= é ¢, and sino= 2? sin(o—2¢,)
1
In Egs. (23) to (26) ¢ and @ are related, by tan$= jtan(8/2).

(23) 3C1,(20)+2Cl,(2¢)—3Cl,(2¢—8)—Cl,(30 —2¢$)—6Cl(8)=0,

(24) 2Cl1,(2¢)—3Cl,(2¢p—80)—Cl,(30—2¢)—6Cl,(7—8)=0,

(25) 2Cly(7—8)—3Cl,(2¢—8)+Cl,(66—8)—6Cl,(2¢)=0,

(26) 8Cl,(2¢)—Cl,(30—2¢)—Cl,(6¢—8)—8Cl,(w—8)=0,

(27) 2C1,(2¢)+2Cl1,(20)+Cl,(4¢)—Cl,2¢—20+2¢)
—Cl,(20—-2¢+2¢)—4Cl,(2¢)—2Cl,(2¢—2¢)—2Cl,(20—-2¢4)=0,
where sin(# —y ) sin(¢ — ) +sinfsinp=0

For further equations of this nature see Section 4.6.9.

A.2.5. The Dilogarithm of Complex Argument

(1) Liy(re'”)=Liy(r,0)+i[wlog(r)+3Cl,(2w)+; Cl1,(20)— 3 Cl,2w+28)],

where tanw=rsinf /(1 —rcos#)

fflog(l—Zrc050+r2)
r

(3) Li(x,0)=Li,(x), ~l=xs 1

(4) Li,(x,0)=Li,(x)+iwlog x, x>1

(5) Liy(x,m)=Liy(—x)

(2) Liy(r,0)=

a

A2 LIST OF SELECTED FORMULAS 293

(6) Liy(x,0)=Liy(x, —8)=Liy(x,2n7+8)
7 Liz(x,zlw)=Li2(x,3w/2)=§Li2(—x2)
(8) Liy(x,7/3)= ¢ Li,(—x*)— } Li,(—x)
) Liy(x,27/3)= ¢ Liy(x%)— 1 Li,(x)

1L 8 RO R SO N e s
’ SeyER I ]2(\/2 x)+ le[(\ﬂ—x):

: i : X
(11) Luz(x,3w/4)~zzuz(—xvz—xif)—%L'z(vz+x)
+%Li2 e Ny
(V2+x)
See also Sections 5.5 and 5.8.
(12) Liy(x,7/6)= 5 Liy(—x%)— }Liz(ux)L%Liz( - )
—
+§Li2(x\/3—x2)
(13) Liy(x,57/6)= % Li(x?)— 1 Li,(x)— ; Liz(
+%Li2(-—x\/3—-x2)
(14) Li2(1,9)=§(w—9)2—w2/12, 050= 27
(15) Li,(2cos8,0)=(3 v—0)?, 0s0=7w
(16) Li,(cos ¥, 6?)——le(coszﬁ?)+:,_(2 7—0)’, 00z~
(17) le(secﬁ 0)= 5w2/24—lle(coszﬂ)—-[logz(cos 0)— 170
0‘9( aT
(18) L.lz(zsell::ﬂ ?)=w2/12—;.92—zllc)g?(zcosa), —37<0<inm
(19) Liy(tan} 0,1 w—-9)=§92+%Li2(tan2%9)—;:-Lil(—tanzgﬁ),
—1ms0s 3w

)

n—1

(20) —le(x nf)= 2 Liy(x,0+2rm/n)
1) £ Liy(x?20)=Liy(x,0)+ Li,(x, 7—6)
(22) dLiy(x,0)= — }log(1—2 xcos 9+x2)dx/x-—tan"(—x—5i—l-1£—)d0

‘ I—xcos@
(23) Liy(1/x,0)+Li,(x,0)= — L log2(x)+ 3(m—8)* —n?/6,
0505 27
(24) Liy(x,0)+Liy(2cos0—x,0)=(1 7—0)2 + 3 Li,(2xcos §—x?),
0=0=n

2
25) Li ( —-x o - -Xx
EHH, I—Zxcosﬂ) 2L12(x,9)+2L12( I~2xcosﬂ’g)

+ 3 log?(1—2xcos 9)
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For further examples of single-variable equations, see Section 5.4.

(26) Liy(x,0)+Liy(y,0)+Liy(z,0)=(; 7—8)* + 3 Li,(xy)+ 3 Liy(yz)
+ % Li,(zx), where x+y+z=xyz
(27) Li,(—a?2a)+Li,(—b%2B)+Li,(—c2,2y)=2Li(ab, a+B)+
2Liy(be, B+v)+2Liy(ca, y+a), where ae'™ +be +ce'’ =
abce'**B+7)
See Section 5.7 for further details, where a number of formulas of a
similar nature are derived.

(28) Li,(ab, a+B)=Li,(a, a)+Li,(b, B)+Li, (b%‘&ig ; -rr+rx)

asina

: sin a i e
+Li, (am : -:r+,8)+ % log? (m) where asina— bsin =
absin(a—f3)

: x o g - —x
e 1y ( 2cosf—x ’29) e i ( 2cosf—x )
— 3 Li;(2xcos 8 —x?)

(30) Lis(x, 0)=2'"" Liy(x,, 6,) — 3 2'[Li5(~x,) = 3 Li,(x2, /x,)}
2
xsin#

sinf, —xsin(6, —#)

(31) Liy(—x,8)+Li,(—x,, $)—Li,(—x,, 8+¢)

where 6, =2""'9 and x, =

. sin(¢p—@) ! (_Sin‘f’ )=1“
_le[—'_;—i;-b—'—‘,tﬁ]”i'ldlz "'-""-"sine,(f}'Fg 2W(x,¢),

where x, =[xsin ¢ +sin($—#)]/siné, x, =[xsin(p+8)+sin]/sind,
i : x2sing + xsin(¢p—80) : xsin(¢+9)

wliy |- e/
W(x, $) L"[ xsin(¢p+0)+sind '2| Sine+xsin($+0)

. 2 . ” 2
+1i, [l——~—sm¢(l+x———i51n(¢+9))]—Liz(I— S‘”’)

sin’6 sin¢ sin’6
+2log[ sin(iigﬂ) }log[ xsnn(¢;n0;+51n¢ ]
o Bulr 5,60~y xsin(ﬂxji;)g+ sin ¢ &
*lia |- xsin(BiiI:;Jrsin(ﬁ’g ¢] R [_xSins(ifa-;¢)
+Li2(_ :ijlr:i'8+¢)+l(}g ;1;(1;1%455 og[ xsin(ﬂilrpq;+sin¢ }
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The follow-up of this equation is given in Section 5.9.8.
. [ sing : sin(¢p—@ in?
(33) Liy (- m,9+¢)—hz [— —«,—-—),¢}=a¢—§uz(s‘“ 9)

‘ sinf sin¢
+Iog( Sl.n(p)log[MJ

sin sin ¢
34) Li sin @ . sing
&9 lz[sin(8+¢)’¢ |~ e Ot
2 T [ sin¢
: sin( ¢+ N@) = :
39 Lz [t ohe ; sin ¢
( ) 12[ sinf ,¢+N+19J—L]2(mm,¢+g)
N a3
=NO[¢p+ 3 (N+1)0]-1 3 Li, sin’@
1 sin’(p+r@)
- sin(¢p+rf) sin(¢p+r—19)
+Zlog{———.—————J1 i AL
1 sinf 0g 5in(¢+r8) b 0<¢'+N9<1‘T
. sin N — N ik
G9) le(— sin @ ’N+19)=§92N(N+1)"%EL52( sni(;')
5 \ . VW 1 sin“ré
+31 (SI'an‘) (smr—w
§ %8 Sing )18 sin 70

6n 'S L [ Si’(n/M)
5 = sin(rm/ M)
s sin(rm/M) sin(r—Im/ M)
22 l"g[ sin(7/M) Jlog[ sin(rm/ M) J”z(%‘l/’“)

(38) MLiy(—x,0)=Liy(—x,,, MO)—(M—1)(; M9? —7%/12)
M-1"

+3 > W(x, no), —7 < M@ <, where

n=1

Xy =[xsin( M®) + sin(M — 18)]/sin# and

2 o
W(x, nf)=Li, | - X 5010+ xsin(n—16)
xsin(n+16) +sin(nf)
= ' xsin(n+16)
xsin(n+ 10) +sin ng

FLi, { e sin?(nf) [1+x sin(n+10) ” +2Iog[ sin({t_ﬁﬂ) J

sin” § sin(n@) sin§

log | 2880 10) +tin(nt) J




